Given a graph G = (V; E ) and a real weight for each vertex of G, the vertex-weight of a matching is de ned to be the sum of the weights of the vertices covered by the matching. In this paper we present a linear time algorithm for nding a maximum vertex-weighted matching in a strongly chordal graph, given a strong elimination ordering. The algorithm can be specialized to nd a maximum cardinality matching, yielding an algorithm similar to one proposed earlier by Dahlhaus and Karpinsky. The technique does not seem to apply to the case of general edge-weighted matchings.
Introduction
The purpose of this paper is to present a linear time algorithm for nding a maximum vertexweighted matching in a strongly chordal graph, given a strong elimination ordering.
We consider simple nite undirected graphs G = (V; E). The number of vertices of G is denoted by n and the number of edges by m.
A subset M of edges of G (M E) is a matching if no two edges in M are adjacent, i.e. share a vertex. If an edge e = vw belongs to a matching M, we say that M covers the vertices v and w.
Given a real weight for each vertex of G, the vertex-weight of a matching M is de ned to be the sum of the weights of the vertices covered by M 6] . Therefore, a maximum vertex-weighted matching is one which has the maximum vertex-weight among all possible matchings of G. If all the weights are equal, a maximum vertex-weighted matching is simply a maximum cardinality matching, i.e., a maximum matching.
Let v 1 ; v 2 ; : : : ; v n be an ordering of the vertices of G = (V; E). Then e 1 ; e 2 ; : : : ; e m is the lexicographic ordering of the edges (LOE) of G, with respect to the given ordering v 1 ; v 2 ; : : : ; v n of vertices, if for any two edges e i = v i 1 v i 2 , with i 1 < i 2 , and e j = v j 1 v j 2 , with j 1 < j 2 , we have i < j if and only if i 1 < j 1 , or i 1 = j 1 and i 2 < j 2 (see gure 1).
The lexicographic ordering of edges can be extended to any ordered sets of edges: Given two ordered edge-sets E 0 = (e i 1 ; e i 2 ; : : : ; e ir ), with i 1 < i 2 < : : : < i r , and E 00 = (e j 1 ; e j 2 ; : : : ; e js ), with We will give a linear time algorithm for nding a maximum vertex-weighted matching in a strongly chordal graph, given a SEO. We begin in section 2 by presenting an integer linear programming formulation of our problem, and discussing it in the context of complementary slackness. In section 3 we describe an algorithm that solves our problem in this formulation. There we also prove its correctness and analyze its complexity. Section 4 specializes the technique to the particular problem of maximum matching, previously studied in 1].
ILP Formulation
Throughout this paper, we assume that G = (V; E) is a strongly chordal graph, with a LOE e 1 ; e 2 ; : : : ; e m , with respect to a SEO v 1 ; v 2 ; : : : ; v n . Let w i be the real weight associated to the vertex v i . To each edge e i = v i 1 v i 2 we assign the weight c i = w i 1 + w i 2 . Then the vertex-weight of a matching M is w(M) = P e i 2M c i . We also de ne, for each i, the set E i = fe j jj ig. Lemma 1 Let M E. If jM \ E i j 1, for i = 1; : : : ; m, then M is a matching. Proof: Suppose M is not a matching. Then there are two distinct adjacent edges e i ; e j 2 M. Without loss of generality, we can assume j > i. Therefore j > i, that is, e j 2 E i . Then fe i ; e j g M \ E i and, therefore, jM \ E i j > 1. this concept in mind, we can say that a matching is an independent set of edges. We intend to show that a procedure similar to one proposed by Farber 2] for nding a maximum weight independent set in chordal graphs can be used to nd a maximum vertex-weighted matching in strongly chordal graphs.
The strategy to solve the problem consists of nding a pair of solutions that verify the constraints of (P ) and (D), and also satisfy the complementary slackness conditions. Moreover, the solution of (P ) will be integer and, therefore, an optimum for (P ).
The algorithm rst generates a greedy solution of (D), and then uses it to nd a solution for (P ). In the rst stage (dealing with the dual), the edges are scanned in the order e 1 ; e 2 ; : : : ; e m of the LOE. When the edge e i is scanned, we assign to the variable z i just the minimum necessary to bring that dual constraint associated to e i into feasibility (possibly zero). In the second (primal) stage, we scan the edges in inverse order e m ; e m?1 ; : : : ; e 1 . When e j is scanned, we assure that if z j > 0 then the primal constraint associated with e j should be satis ed with equality. If necessary, we let x j = 1 to assure this. We note that a SEO of a strongly chordal graph can be found in O(m log n) 4, 7] time. Thus, the maximum weight-vertex matching can be solved in O(m log n) time in this class of graphs.
Maximum Matching
We now observe that when all the weights assigned to the vertices of the graph are equal, the problem considered is simply the problem of nding a maximum matching.
For simplicity, let us assume that w i = 0:5, for i = 1; 2; : : : ; n, which implies c j = 1, for j = 1; 2; : : : ; m. In this case, we note that the next result follows from the algorithm 1.
Lemma 3 For all i, x i = z i .
Proof: Since all the weights are integer values, each z i is a non-negative integer. And, if x i = 1, then z i > 0. Hence x i z i . Also, as we have P n i=1 (x i ? z i ) = 0, it follows that x i = z i , for all i.
By the above considerations we can make the following simpli cations in the algorithm 1. Since z i = maxf0; 1 ? P j < i z j g, we have z i > 0, that is, z i = 1, when z j = 0, for all j < i. Moreover, the dual stage can be expressed in terms of the primal variables.
After such modi cations we obtain an algorithm 2, similar to one proposed by Dahlhaus & Karpinsky 1] , that has a structure identical to the procedure described by Gavril 3] for nding a maximum cardinality independent set in a chordal graph. Unfortunately, the algorithm cannot be directly generalized to solve the maximum matching problem with arbitrary weights assigned to the edges, because the lemma 2 is no longer valid in this case. For example, suppose that the weigths of the edges in the gure 3 are proportional to their lenghts in the drawing. Then, the single maximum matching is formed by the edges v 1 v 4 e v 2 v 3 , so that the statement of the corollary 1 is not satis ed by the edge v 1 v 2 , now considering edge-weights.
Conclusion
It is known that the maximum matching problem, in an arbitrary graph, can be solved in O(m p n) time 5] . However, it has been shown that this complexity can be reduced to O(m log n) time in strongly chordal graphs. Moreover, when a SEO is known a priori, the problem turns out to be linear.
